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Abstract. In the present paper a diffuse interface approach [1] is used to address the collapse of
a sub-micron vapor bubble near solid boundaries. This formulation enables an unprecedented
description of interfacial flows that naturally takes into account topology modification and
phase changes (both vapor/liquid and vapor/supercritical fluid transformations). Results from
numerical simulations are exploited to discuss the complex sequence of events associated with
the bubble collapse near a wall, encompassing shock-wave emissions in the liquid and reflections
from the wall, their successive interaction with the expanding bubble, the ensuing asymmetry
of the bubble and the eventual jetting phase.
1. Introduction
The collapse of vapor bubbles near solid boundaries started being investigated in the last century,
motivated by the destructive effects of cavitation on ship propellers and hydraulic turbines and
pumps and is still today receiving an increasingly significant attention [2, 3, 4]. Only recently the
increasing impact of the micro and nano technologies shifted the attention from millimeter-sized
to micrometer or sub-micrometer bubbles. In a lab on a chip, cavitation can be employed for
microfluidic pumping [5], to enhance mixing and for surface cleaning purposes [6]. Cavitation is
also exploited in medicine, e.g. in high intensity focused ultrasound (HIFU) and extracorporeal
shock wave lithotripsy (ESWL) [7] to enhance drug delivery or localized heat deposition deep
within the body, and to induce cell membrane poration [8] or to comminute kidney stones [9].
The cornerstone work of Rayleigh [10], refined in [11, 12, 13, 14, 15], is still today impressive
for the correspondence with experimental results despite substantial simplifying assumptions.
Successively, nearby boundaries were addressed by numerical simulations [16, 17, 18].
In the present paper, by extending the analysis of symmetric bubble collapse discussed in [1],
we use the diffuse interface approach to address the collapse of a sub-micron vapor bubble near
solid boundaries. This formulation enables a natural description of interfacial flows, changes of
topology, and vapor/liquid and vapor/supercritical fluid phase changes which have been shown
to be crucial for the correct description of the final stages of the bubble collapse.
2. Mathematical model
We exploit an unsteady diffuse interface description [19, 1] of the two-phase (liquid/vapor) flow
in a domain D based on the van der Waals gradient approximation of the free energy functional
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F [ρ, θ] [20]:
F [ρ, θ] =
∫
D
fˆdV =
∫
D
(
fˆ0 (ρ, θ) +
λ
2
|∇ρ|2
)
dV ,
where fˆ = fˆ0 + λ/2|∇ρ|2 with fˆ0 (ρ, θ) the classical Helmholtz free energy density per unit
volume of the homogeneous fluid at temperature θ and mass density ρ. Together with fˆ0, the
coefficient λ(ρ, θ) embodies all the information on the interfacial properties of the liquid-vapor
system, namely surface tension σ and interface thickness . For a van der Waals fluid, the free
energy reads
fˆ0 (ρ, θ) = R¯ρθ
[
−1 + log
(
ρK θ1/δ
1− bρ
)]
− aρ2 ,
with δ = R¯/cv, R¯ the gas constant, cv the constant volume specific heat, a and b the van der
Waals coefficients and K a constant related to the de Broglie length [21].
The dynamics of the inhomogeneous system is described by the equations for mass ρ,
momentum ρu, and total energy density E = 1/2ρ|u|2 + U , with U = R¯θ/δ − aρ+ λ|∇ρ|2/(2ρ)
the internal energy density,
∂ρ
∂t
+∇ · (ρu) = 0 ,
∂ρu
∂t
+∇ · (ρu⊗ u) =∇ · τ ,
∂E
∂t
+∇ · (uE) =∇ · [τ · u− qe] .
This system of conservation equations is closed with thermodynamically consistent constitutive
relations for the stress tensor τ and the energy flux qe. Under the assumptions of local
equilibrium and linear dependence of thermodynamic fluxes on thermodynamic forces – ∇θ
and ∇u – the general approach outlined in [22] leads to identify the stress tensor as
τ =
(
−p0 + λ
2
|∇ρ|2 + ρ∇ · (λ∇ρ)
)
I − λ∇ρ⊗∇ρ+ µ
[(∇u+∇uT )− 2
3
∇ · uI
]
,
where the usual viscous terms with µ > 0 in the last term are the source of irreversibility (the
second viscosity coefficient is assumed to be −2µ/3). From the van der Waals free energy density
fˆ0, Eq. (1), the pressure is p0 = R¯ρθ/(1− bρ)− aρ2. Concerning the energy flux, one finds
qe = λρ∇ρ∇ · u− k∇θ ,
where k > 0 is the thermal conductivity. We like to stress that the adoption of a consistent
thermodynamic model, like the van der Waals fluid, embodies the model with all the features
related to phase change, i.e. latent heat release/adsorption during condensation/vaporization
and transition to supercritical conditions at increasing temperature and pressure.
3. Results and discussion
The simulations are performed using an axisymmetric code that is the extension of the one
developed to deal with the spherically symmetric case, see [1] for details on the numerical
technique. The system, consisting of a pure van der Waals fluid, is initialized with a vapor
bubble of radius Req centered at z0, the distance between the planar wall and the bubble center.
The vapor bubble is in equilibrium with the confining liquid at temperature θ/θc = 0.6, with θc
the critical temperature of the fluid. A shock wave with intensity I = (p2 − p1)/p1, with p2 and
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p1 the pressure in the perturbed and the unperturbed state, respectively, is initialized in the
liquid phase to propagate toward the wall and hit the bubble, thus triggering its collapse. The
fluid domain with dimension 4Req × 4Req is discretized with a uniform grid 2048 × 2048. The
dimensionless parameters of the simulations are Re = Req
√
pcρc/µ = 50, Pr = 3µR¯/(8k) = 0.2,
and C = λρ2c/(pcR2eq) = 1.6×10−4, which correspond, e.g., to a bubble radius order 100 nm with
typical viscosity, thermal conductivity, surface tension and critical values of water.
In our simulations we invariably observe bubble rebounds induced by the vapor temperature
raise inside the cavity which, during collapse, exceeds the critical temperature to form an
incondensable phase. This feature was most unexpected when first observed during numerical
experiments of spherical collapse of a pure vapor nanobubble [1]. Two examples of the evolution
are represented in Fig. 1 for two different initial wall distances, when the collapse is triggered by
a shock wave with intensity I = 75. The relatively weak impinging shockwave is not sufficient to
immediately break the spherical symmetry and to produce the classical liquid jet that porates
the bubble, as observed in millimeter-bubble experiments [23, 24, 6, 4]. At sub-micron scale
the surface tension is, in fact, predominant and preserves the nearly spherical shape during the
first part of the evolution. Symmetry breaking eventually occurs when the bubble shrinks to
its minimum volume and a non-spherical shockwave is emitted. This effect is more pronounced
for bubbles closer to the wall. In these conditions the shockwave produced at collapse consists
Figure 1. Snapshots during the evolution of a collapsing bubble with z0 = 1.3 (left) and z0 = 1.9
(right). The sequence runs from left to right and from top to bottom and is not uniformly spaced
in time (left: t = 0, 1.887, 1.907, 1.923, 1.953, 2.004, 2.131, 3.502, 5.403, 6.303, 6.480, 6.524; right:
t = 0, 1.911, 1.956, 2.023, 2.202, 2.337, 3.833, 3.902, 5.937, 6.353, 6.524, 7.997). The grey tones
from darker to lighter represent the density field from smaller (vapor phase) to higher (liquid
phase). The black lines are Schlieren-like iso-lines obtained as S = exp(−|∇p0|/|∇p0|max). The
drawn iso-levels are S = 0.9 and S = 1 in order to highlight the regions with the highest pressure
gradients, i.e. the vapor-liquid interface and the shockwaves.
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of two curved shock fronts that propagate toward and away from the wall, respectively. The
former is eventually reflected by the solid wall and interacts back with the re-expanding bubble.
During this stage the bubble flattens out and moves toward the wall. The expansion stage
is strongly affected by the bubble–wall distance, with the closest one (left panel in Fig. 1)
touching the wall and the farthest one (right panel in Fig. 1) remaining detached. During the
bubble expansion, the liquid in the thin layer between vapor and wall is compressed and a new
shockwave is observed, plots in the third row on the right of Fig. 1. This sequence of bubble–
wall interactions completely breaks the spherical symmetry, thereby reducing the strength of
the successive collapse. Eventually, the field becomes more and more complex, until dissipation
prevails.
For stronger shocks the nanobubble becomes asymmetric much earlier, originating a strong jet
focused towards the walls. A complete simulation campaign is presently under way to investigate
the role of the different parameters entering the problem, focusing in particular on the pressure
pulse induced at the wall during the collapse, a major concern in most applications of collapsing
micro/nano bubbles. A further crucial parameter is the maximum achieved temperature which,
according to our preliminary results, typically ranges between 5 and 15 times the critical
temperature and is strongly depend on the specific initial conditions.
The present results preliminarily confirm that the thermodynamically consistent description
of cavitation bubbles provided through the diffuse interface model we have briefly outlined above
allows to follow in full detail the complex dynamics and thermodynamics of the non-spherical
collapse, accounting for changes of topology in the bubble. More work is under way to include
additional features to the model, like chemical effects related to molecular dissociation and
ionization and the presence of dissolved gas in the otherwise pure liquid.
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